A scalar cubic action that classically reproduces the self-dual Yang-Mills equations is shown to generate the correct one-loop QCD amplitudes for multigluon with all the same helicity. This result is related to the symmetries of the self-dual Yang-Mills equations.
The study of multi-jet processes requires the calculation of QCD amplitudes with external quarks and gluons. The complexity of calculations beyond tree level has motivated the development of ingenious and efficient methods that involve spinor helicity, color decomposition, supersymmetry, string theory, recursion relations, factorization and unitarity [1] . A simplification occurs for amplitudes with all external gluons (conventionally taken as outgoing) in the same polarization state [2] [3] [4] . We call these maximally helicity violating processes "QCD like-helicity amplitudes". They have the property to vanish at tree level and to take at one-loop a non-zero but very simple form. The vanishing of tree level amplitudes is a typical signature of a quantized integrable system [5] and the relevance of two-dimensional current algebra was already noticed by Nair [6] . In a recent talk [7] , Bardeen showed how some solutions to the self-dual Yang-Mills (SDYM) equations appeared naturally in the calculation of QCD amplitudes at tree level. Selivanov, later on, presented similar results [8] using a different Ansatz. Moreover, Bardeen proposed interpreting the non-vanishing one-loop amplitudes as an anomaly, which he suggests extracting from the symmetries of the SDYM system.
In this paper, we extend Bardeen's analysis and obtain the one-loop like-helicity QCD amplitudes from a scalar action whose Euler-Lagrange equations reproduce the SDYM ones.
In the first section, we briefly review the calculation of QCD amplitudes. In section 2, we present the SDYM equations and two Lagrangians induced from them. Following Bardeen, we also show the relation between classical solutions of this SDYM system and QCD amplitudes and we extend this relation to one-loop order in section 3. Section 4 discusses the symmetry of the SDYM system. We conclude in the last section with some remarks.
I. A BRIEF REVIEW OF QCD AMPLITUDES
In this section we review some of the basic concepts which simplify the calculation of QCD amplitudes. We only present the material relevant for our discussion and we refer the reader to Ref. [1] and references therein for a more complete presentation.
Spinor helicity notation [9] has the property to compactify otherwise lengthy expressions.
The three independent components of an on-shell momentum (by this we always mean k 2 = 0) are taken to be 1 k 0−z , k x+iy and the ratio Q = k 0+z /k x+iy = k x−iy /k 0−z . It is also convenient to introduce the additional combination
that will arise naturally later on. All quantities may be expressed in terms of massless Weyl spinors u α (k) and their scalar product,
This notation is convenient to write down a set of polarization vectors in an arbitrary reference frame labeled by the null vector q (q · k = 0). A change in q is analogous to a gauge transformation of the external legs. The amplitudes are gauge invariant and do not depend on the reference frame chosen for the external particles, however their calculation may drastically simplify for specific reference vectors q. We define the polarization vectors by their projection on any null vector p,
(Notice that Mahlon et al. [10] choose the opposite sign.) They are orthogonal to the momentum k and normalized in the following way:
Comparison with the SDYM system is made later on in the "gauge" q µ = (1, 0, 0, 1), in which the polarization vectors are denoted ε µ (k ± ) and have the non zero components
In this reference frame, a positive helicity gauge field is defined by
and we will see in the next section that this is rather similar to the SDYM equations.
For QCD like-helicity amplitudes, simple N = 1 and N = 2 supersymmetry arguments [11, 12] relate one-loop amplitudes with gluons, scalars or fermions running in the loop. For SU(N c ) gauge fields, n s real scalars fields in the representation R s and n f Dirac fermions (four components) in the representation R f , the amplitude has an overall factor of
We use the following group theoretic conventions for SU(N c ):
It is thus enough to consider an (adjoint) scalar field coupled to a gauge field,
where the covariant derivative is D µ − igA µ / √ 2 and the field strength is F µν = i √ 2[D µ , D ν ]/g. The gauge fields contribute only at tree level and the scalar fields only appear in a loop. In light-cone gauge, the gluon propagator does not have any (0 − z)components and its inverse is expressed in terms of the (off-shell) vectors (5):
The scalar propagator is ∆ = i/k 2 . [Up to a color factor δ ab /C 2 (G).]
One can organize the color structures and decompose QCD amplitudes in color-ordered partial amplitudes [13] . An (n + 1)-amplitude with colors a 1 , . . . , a n+1 , external momenta k 1 , . . . , k n+1 and helicities ε 1 , . . . , ε n+1 is written as M n+1 = non cyclic permutations of (1···n+1) tr (T a 1 · · · T a n+1 ) m(k 1 , ε 1 ; . . . ; k n+1 , ε n+1 ) + . . . ,
where the triple dots denote additional sub-leading color structures that can be calculated from the above leading-color partial amplitudes [14] . In other words, it is sufficient to calculate the fewer partial amplitudes using color-ordered Feynman rules where color indices are absent.
Amplitudes with all, or all but one, external particles having the same helicity identically vanish at tree level:
The easiest way to see this is to use the freedom one has in the choice of the reference momenta q i for the external particles helicities [11] : for all positive helicities, one chooses all the q i identical; in the other case, one chooses q 1 = · · · = q n = k n+1 . Another way, more relevant for our discussion, is to show that the current amplitude,
has no multi-particle poles at tree level. However, amplitudes with four and more external legs do not vanish at one loop but have a very simple structure. For example, the four-
written in both spinor and components notations. It is the goal of this Paper to reproduce these amplitudes using a scalar theory based on a SDYM system.
II. SDYM EQUATIONS
Usually, the SDYM equations are studied in Euclidean space or (2+2) dimensional spacetime where real solutions do exist. In Euclidean space, SDYM solutions describe instantons and in a (2 + 2) signature, they describe the gauge sector of N = 2 heterotic or open string [5] . We work here in Minkowski spacetime and consider the self-dual equations,
whose solutions necessarily live in the complexification of the gauge group. Complex selfdual configurations have nevertheless a physical interpretation as waves of positive helicity.
Namely, for Maxwell-like fields (g = 0, E j = F 0j , B j = ǫ 0jkl F kl /2), these equations simply state that electric and magnetic fields are carried by a positive helicity wave, E j = iB j . In components, Eqns. (14) read
Considerable effort has been devoted to the study of these equations and various approaches have been proposed.
One approach follows the original work of Yang [16] and views the two first equations as zero curvature conditions for the fields (A 0+z , A x−iy ) and (A 0−z , A x+iy ). They are solved using two elements h,h of the (complexified) gauge group:
The last self-dual equation involves the product J = hh −1 ,
and is known as the Yang equation. This is the Euler-Lagrange equation of an action proposed by Donaldson [17] and by Nair and Schiff [18] :
The constant f π has mass dimension one. This action is expected to be the prototype of a four-dimensional conformal theory that generalizes the two-dimensional Wess-Zumino-Novikov-Witten model [19] . Namely, a direct calculation shows that its beta function vanishes at one-loop order and it is even argued that under some specific circumstances it vanishes at all orders [20] . This result is presumably related to the finiteness of one-loop like-helicity QCD amplitudes.
We will follow another approach [21] , that takes advantage of the light-cone gauge A 0−z = 0. In this gauge, Eqns. (15b) and (15c) are similar to the positive helicity conditions given in (6a). Equation (15b) implies A x+iy = 0 and Eq. (15c) is an integrability condition for the fields A 0+z , A x−iy ,
or, in momentum space,
The scalar field Φ is constrained by the remaining Eq. (15a):
which is easily associated to the scalar action [22] :
As before, f π has mass dimension one so that the complex field φ is dimensionless as defined in (19a). This action has several unconventional properties: it is not real, 2 it explicitly breaks 2 One can of course add its complex conjugate. The kinetic term does not have the standard form and the fields Φ and Φ * are totally decoupled.
Lorentz invariance and it is not renormalizable by power counting since the interaction term contains two derivatives. Nevertheless, it turns out that it reproduces correctly QCD amplitudes at least up to one loop.
Equation (19c) may be solved using a Bethe Ansatz [7] . The solution is obtained iteratively as a series in the coupling constant g:
with f (k j ) a function with support on the light cone k 2 j = 0. Each of the Φ (m) (x) is represented diagrammatically as a sum of trees with m on-shell legs attached to the plane waves T a j e −ik j x f (k j ) and with the vertex i √ 2f abc X(k 1 , k 2 ):
These are exactly the Berends and Giele recursion relations [3, 23, 10] and one shows by induction that
It is enough to focus on the color-ordered leading term of Φ (n) (x). This classical solution may as well be deduced from a tree level calculation based on the scalar Lagrangian (20):
For the choice f (k) = −iQ/k x+iy , the on-shell legs Φ (1) (k) correspond, according to (19b), to the positive helicity self-dual field A (1) (k) = ε(k + ) and one finds a remarkable relation [7] between this solution of the SDYM equations and the tree level like-helicity QCD current amplitudes (12) in light-cone gauge and in the reference frame (5):
A 0+z (k)
The full amplitude is obtained by contracting the current amplitude with ik 2 ε ±µ (k; q) and taking the k 2 → 0 limit. The absence of multi-particle poles in (23) ensures the vanishing of the tree amplitudes m tree (1 + , . . . , n + , (n + 1) ± ).
We should mention a third Ansatz for the self-dual gauge field, originally proposed by 't Hooft for instantons solutions, where a similar analysis as in this section can be carried [8] .
III. ONE-LOOP AMPLITUDES
The color-ordered Feynman rules for the scalar action (20) are very simple. In momentum space the propagator is i/k 2 and the cubic vertex is
Minkowski kinematics is such that this vertex is zero on-shell in agreement with the vanishing of the three-particle like-helicity QCD amplitudes. But notice that this on-shell vertex is not zero for Euclidean and (2 + 2) signature. Although two-and three-particle amplitudes at one-loop involve IR and UV divergent integrals [22] , they vanish for similar kinematics reasons. We have computed the color-ordered four-particle amplitude using a symbolic algebra computer program and performing the resulting integrals in dimensional regularization [15] . The result is
Like at tree level, each leg is multiplied by −iQ/k x+iy and we get a full agreement with QCD, see Eq. (13) (remember the factor of two between complex scalars and gluons contributions in (7) ). In this section, this result is generalized to one-loop amplitudes with any number of legs.
In light-cone gauge, scalar QCD action,
generates five color-ordered vertices that couple to scalars:
Gluon vertices are not shown here since they are already correctly accounted for at tree level. The basic observation is that this action looks very similar to the scalar action with a background field Φ,
when one uses relation (19a) between A and Φ.
We are now ready to show that one-loop like-helicity QCD amplitudes are calculable within the scalar model. We obtain a general one-loop partial amplitude with the dressed vertex
The loop is formed by gluing the two extremities with a scalar propagator. Since there are no current amplitudes A x+iy , see (25) , the two quartic vertices and one of the cubic vertices in (29) do not appear. For each segment carrying one tree in the above diagram, we have:
In the second equality, we use the tree level identity (25) relating A(k) 1 + ···n + and φ(k) 1···n and in the third equality, we replace scalar QCD vertices (29) with φ-vertices (26) . The dressed vertices (31) of scalar QCD and of the scalar action coincide and their amplitudes are therefore equal. The one-loop amplitudes are obtained by gluing the two off-shell legs in (31). They have been explicitly calculated in the context of QCD for an arbitrary number of legs: their form has been first conjectured [24] using gluons in the loop and then derived [25] using fermions in the loop and applying the supersymmetric relations (7) . In any case, the result is amazingly simple and for the scalar cubic action reads
using the Pauli matrices, σ µ = (1, σ i ),σ µ = (1, −σ i ).
We end this section with some comments on the alternative action (18) . Since its equations of motion are also the SDYM ones, this action reproduces correctly the tree level amplitudes. At one-loop level, however, the proliferation of vertices makes the analysis more difficult. We in fact get the correct four-particle amplitude (13) . With the expansion J = exp iπ a T a /f π , the cubic vertex is a slight modification of (26):
The additional term (k 2 1 −k 2 2 ) is irrelevant for the four-particle amplitude, but does contribute to higher amplitudes, as do the quartic, quintic, etc. vertices. This also happens at tree level but does not change the final result. It is plausible that the same cancelations work at one-loop and that the Donaldson-Nair-Schiff action gives all the like-helicity QCD one-loop amplitudes.
IV. SYMMETRIES OF THE SDYM SYSTEM
In fact, the dressed vertices (31) have a nice interpretation in terms of the symmetries of the self-dual Yang-Mills equations (a similar statement is made in [8] ). Consider a small perturbation ǫΛ(x) around a solution Φ of the SDYM equations. It satisfies the linearization of Eq. (19c),
One can construct an infinite series of symmetries Λ s from the following pair of recursion relations [26] :
Notice that Λ s being a solution of (35) ensures that these equations are compatible and that Φ being a solution to the SDYM equations ensures that Λ s+1 also verifies (35). It is known that these symmetries form a Kac-Moody algebra and this is at the basis of the conjecture [27] that all integrable models are some reduction of a SDYM system.
We solve (35) with a similar Ansatz as in section 2,
The functions f (k j ) have support on the light-cone k 2 j = 0 but λ(k j * ) is only constrained to be of order ǫ in order to satisfy the g 0 -iteration ∂ 2 Λ (1) = O(ǫ). Diagrammatically, at successive order in the coupling constant g, we have
so that the color-ordered leading term Λ (n) j * (k) reproduces the dressed current vertex (−ik 2 )(−ik 2 j * ) φ(k)φ(k j * ) 1··· \ j···n with off-shell momenta k and k j * . One can even find a closed analytic expression for it; for f (k) = −iQ/k x+iy as before and λ(k) = 2 (we set ǫ = 1), equations (38) are precisely the equations that Dunn, Mahlon and Yan have for two off-shell current amplitudes in QCD [10] . Explicit expressions can be found in their article and will not be reproduced here.
Of course, the Λ's are symmetries of the equations of motion and not necessarily of the 
The fact that we only know these currents for classical solutions Φ prevents us to derive true Ward identities that relates Green functions of different orders inh. However, this is enough to derive an intricate set of tree level identities, which won't be presented here.
V. CONCLUSION
In this Paper, we have investigated the idea that QCD computations may be simplified when considering only maximally helicity violating processes. Although this seems a natural statement, its concrete realization is based upon special tools like supersymmetry identities and self-dual Yang-Mills equations. We show that a scalar Lagrangian reproduces exactly the same amplitudes up to one loop. The extension of this result beyond one-loop is not obvious, since we can no more invoke supersymmetric arguments to consider scalar QCD.
It is unlikely that the scalar Lagrangian is enough to describe the full QCD amplitudes at two-loop, even when all external helicities are set equal. Namely, any cut in a diagram that isolates a tree amplitude will be automatically zero for the scalar Lagrangian, whereas it will be non-zero in QCD owing to the presence of different helicities in the intermediate states.
The vanishing of tree amplitudes is the signature of a quantized integrable model [5] .
We have further probed Bardeen's idea that the S-matrix of QCD between positive helicity gluons is intimately related to the quantization of a self-dual Yang-Mills system. The fact that one-loop amplitudes are calculated from a generator of the symmetry of the self-dual
Yang-Mills equations is one more piece of evidence in favor of an anomaly-type mechanism that produces the simple non-vanishing one-loop amplitudes. A more detailed investigation of this question is still needed.
A necessary step is to investigate the quantum symmetries of the system. It was noted at the end of the previous section that the scalar Lagrangian has some global symmetries and a whole set of conserved currents. It is still an open question whether they are responsible for the vanishing of tree amplitudes. The Donaldson-Nair-Schiff action (18) may be an interesting alternative, since it also possesses an infinite-dimensional current algebra symmetry. This model is moreover viewed [19] as an example of a four-dimensional conformal theory and it was already suggested [5] that the infinite number of symmetries generates Ward identities that ensure the vanishing of tree amplitudes. We have checked that the Donaldson-Nair-Schiff action reproduces the correct QCD tree-level current amplitudes and one-loop four-particle amplitude. However, due to a proliferation of vertices, we have been unable so far to show that it also reproduces the other one-loop amplitudes. If this proves to be true, then all the one-loop amplitudes of this conformal theory may be deduced 3 from available QCD calculations [24, 25] .
There remains several other open questions. What can this approach bring in return to QCD? Can the mixing of helicities be described by some appropriate coupling between a self-dual and an anti-self-dual fields? These questions deserve further investigation.
